We describe a density-, momentum-, and energy-conserving discretization of the nonlinear Landau collision integral. The method is suitable for both the finite-element and discontinuous Galerkin methods and does not require structured meshes. The conservation laws for the discretization are proven algebraically and demonstrated numerically for an axially symmetric nonlinear relaxation problem using a finite-element implementation.
I. INTRODUCTION
Structure preserving numerical methods, which preserve a property or structure of the equation, are becoming not only important but necessary. For instance, it is widely recognized that integration of Hamiltonian systems with non-structure-preserving methods leads to numerical dissipation that may render the solution useless. This is especially true if the numerical method is to track the long time-scale behaviour of the system, as often is the case.
For many of the purely Hamiltonian or variational systems encountered in plasma physics, recent research has provided structure-preserving discretization methods [1] [2] [3] [4] [5] [6] [7] . Yet dissipative effects reside on a largely uncharted territory: the structure, as it is understood for Hamiltonian or variational systems, is not that well understood for general dissipative systems. Exceptions do exist and, in the case of Coulomb collisions, the Landau collision integral 8 can, in fact, be described in terms of a symmetric bracket 9 (whereas Hamiltonian dynamics emerges from an antisymmetric Poisson bracket). Unfortunately, it is not clear yet how the symmetric, metric bracket should be discretized to preserve the underlying structural properties of the Landau collision integral.
Until an appropriate discretization of the so-called metriplectic formulation, describing both the Hamiltonian and dissipative dynamics, is discovered, one could consider the discrete version of the Lagrange-d'Alembert principle and embed a discrete Landau collision integral into structure preserving discretizations of the VlasovMaxwell system. As finite-element and discontinuous Galerkin methods are receiving increasing attention for addressing the Vlasov-Maxwell part of the kinetic system, we find it appealing to study how these methods would adapt to addressing the Landau collision integral.
The result we provide in this paper is a proof that discretization of the nonlinear Landau collision integral, with a set of basis functions capable of presenting secondorder polynomials exactly, guarantees exact discrete conservation laws for density, momentum, and energy. Efa) Electronic mail: ehirvijo@pppl.gov b) Electronic mail: mfadams@lbl.gov fectively, this observation opens up the possibility to use, e.g., the adaptive finite-element or discontinuous Galerkin technology to efficiently capture regions of sharp gradients in the velocity space while still preserving the underlying structure in the numerical solution.
As we shall show, the only requirement is to retain the Landau's original integral formulation and not resort to the Rosenbluth-MacDonald-Judd potential formulation 10 : while the potential formulation is efficient in decreasing the numerical burden of evaluating the collision integral from O(N 2 ) down to O(N log N ), it simultaneously destroys numerical conservation laws so that artificial modification of the collision integral is necessary 11 . We also note that the O(N 2 ) part of our method belongs to the class of so-called embarassingly parallel problems and it is thus expected to scale well on highly vectorized platforms. Indeed, the feasibility of a different O(N 2 )-algorithm has already been demonstrated 12, 13 .
For the sake of compactness, our proof is provided for a single-species plasma but it is straightforward to generalize the proof to handle multi-species plasmas with arbitrary mass and charge ratios. Also, our discussion concerns the particle phase-space collision operator, and the axially symmetric numerical example that is provided is not to be mistaken as a proof for a gyrokinetic collision operator. Strcture-preserving discretization of the proper gyrokinetic collision operator 14 is a far more challenging issue and is not addressed in the current paper.
The rest of the paper is following: The Landau collision integral and its properties are reviewed in Section II. The discretization, together with an algebraic proof of the related conservation laws, is detailed in Section III. In Section IV, the claimed properties are demonstrated numerically for an axially symmetric relaxation problem, and a summary of the results is given in Section V.
II. THE LANDAU COLLISION INTEGRAL
For clarity, we consider the like-species collisions, while the results generalize for multi-species collisions as well. Next, we review the explicit form of the collision integral, normalize it to dimensionless variables, and discuss the collisional invariants.
A. Single species collision operator
Under small-angle dominated Coulomb collisions, the evolution of the distribution function f (t, u) in velocity space u ∈ R 3 is determined by the integro-differential equation
Here ν = e 4 ln Λ/(8πm 2 ε 2 0 ) can be considered a reference collision frequency, ln Λ is the Coulomb logarithm, e and m are the charge and mass, ε 0 is the vacuum permittivity, and u = p/m is the momentum-per-rest-mass. The quantities with an overbar are evaluated atū.
The Landau tensor U(u,ū), valid at non-relativistic energies, is a scaled projection matrix of the relative velocity u −ū between the colliding particles:
In the relativistic case, the correct expression for the tensor U(u,ū) was derived by Beliaev and Budker
where
and c is the speed of light. In the limit c → ∞, the Beliaev-Budker tensor U BB reduces to Landau tensor and the relativistic momenta, normalized to the rest mass, reduce to the non-relativistic expressions for velocities.
Although the focus of this paper is the nonrelativistic limit, we will show that standard finite-element or discontinuous Galerkin discretization of the relativistic collision integral will lead to exact density and momentum conservation while exact energy conservation would require development of a completely new set of basis functions.
B. Normalization
In numerical applications, one should always work in dimensionless variables to prevent accumulation of floating point errors. This is achieved by defining x = u/c andx =ū/c with c some positive constant denoting a reference velocity. In the relativistic case, c would naturally denote the speed of light but, for the nonrelativistic case, it can be considered arbitrary, e.g., the thermal velocity. Obviously, x andx are not to be misunderstood as the configuration space variables.
The velocity-space gradients and differential volume elements transfrom according to
while the tensor U transforms according to
Further, we normalize time according to
so that the normalized Landau integral equation becomes
C. Conservation laws
Without loss of generality, we define a domain Ω and require that f vanishes at the boundary ∂Ω. Additionally, the normal component of the velocity-space flux
is required to vanish at the boundary ∂Ω, to satisfy density conservation. Obviously, both these conditions are true if Ω is chosen to be R 3 . In numerical implementations the domain Ω must, however, be finite and, thus, we use Ω as an arbitrary domain for now.
If we now multiply Eq. (8) with a function φ, and integrate over the domain Ω and apply the boundary conditions, we find
Upon rearranging the integration order, one obtains
(11) For φ(x) ∈ {1, x}, the above expression obviously vanishes. Further, (∇E(x) −∇E(x)) · U(x,x) vanishes for both the non-relativistic energy E(x) = x 2 (with U the Landau tensor) and the relativistic energy E(x) = √ 1 + x 2 (with U the Beliaev-Budker tensor U BB ), due to the properties of the tensor U (U BB ). Thus, the quantities Ω dx φ f are referred to as collisional invariants, whenever φ(x) ∈ {1, x, E(x)}.
III. DISCRETIZATION
One of the challenges in discretizing the Landau operator is to preserve the collisional invariants that exist for the continuous operator. Here we prove that discretization of the weak formulation
where J is defined in Eq. (9) and dσ is the differential boundary-volume element of Ω, with either finite-element or discontinuous Galerkin methods succeeds in this feat. While we provide the explicit proof for the full threedimensional velocity-space operator, the result holds true also for the axisymmetric or spherically symmetric cases. We also note that similar weak discretization of the multispecies collision operator satisfies the related conservation laws.
A. Time-continuous equation for the degrees-of-freedom
Choose a finite-dimensional vector space V h ⊂ V that is some subset of the space V of all L 2 -integrable functions in Ω. Assume that V h is spanned by the set of functions {λ (x)} , and approximate (f, φ) ≈ (f h , φ h ) according to
For convinience, denote also the set F = {F } , i.e., the set of degrees-of-freedom for f h . Define the vector-and tensor-valued functionals
in terms of the vectors K and the tensors D
Substitute f h and φ h into Eq. (12) to obtain the discretized but time-continuous weak formulation
where the coefficient matrices are defined
Since the discrete weak form (20) is to hold for arbitrary functions φ h ∈ V h , we obtain the following nonlinear system of ordinary differential equations for the degrees-offreedom
B. Discrete conservation laws
If the vector space V h is chosen so that the functions φ(x) = {1, x, E(x)} are included in V h exactly, i.e., φ(x) ≡ i φ i λ i (x), the weak discretization will automatically satisfy the conservation laws.
Consider the time rate of change of φ-moment of the numerical distribution function f h . As long as φ belongs to V h exactly, we can write
Let us then assume that a quadrature rule is used to approximate integrals over the domain Ω, with a set of weights {w q } q and points {ξ q } q . The vector j C ij [F ]F j can then be evaluated as
The expressions for K[F ] and D[F ] at the points ξ q are obtained using the same quadrature rule
and, when substituted to the expression for j C ij [F ]F j , we find
Since this expression is antisymmetric with respect to changing j ↔ and p ↔ q, we obtain
The exact conservation laws then follow as in the infinitedimensional case since
Here we wish to note that, in the nonrelativistic limit, the energy E(x) = x 2 is a polynomial, and can be exactly expressed with piecewise polynomials of order 2. Thus a standard finite-element or discontinuous Galerkin method will have no trouble satisfying the conservation laws. In the relativistic case, the energy E(x) = √ 1 + x 2 is, however, not a polynomial and cannot be presented exactly in terms of piecewise polynomials of any order. Thus, standard finite-element or discontinuous Galerkin method will not achieve exact energy conservation in the relativistic case, although one could still expect the error to converge at the order of the basis functions. We also point out that in the numerical integration one has to deal with U(ξ q , ξ p ) which is singular for q = p. The total integrand around this singularity is, however, antisymmetric and thus does not contribute to the final integral value.
C. A note on discretizing time
Although our purpose is not to focus on the time discretization -it should be chosen consistently with the discretization of the Vlasov-Maxwell part -the ordinary differential equation for the degrees-of-freedom will be nonlinear and stiff due to the presence of both advective and diffusive components, necessitating implicit time discretization and iterative methods. Here we comment on the importance of solving the nonlinear time-discrete equation exactly.
Consider Eq. (23) and assume we solve it using implicit Euler. Denote
The time discrete equation for the degrees-of-freedom then becomes
(32) Assume then that the iterative method provides us with a solution vectorF that satisfies
(33) where = { i } i is the residual of the iteration. For the collisional invariants φ(x) ∈ {1, x, E(x)}, we then have
The exactness of the conservation properties for the discretized collision operator thus depends only on the accuracy of the nonlinear solve.
IV. NUMERICAL EXAMPLE
For demonstration purposes we consider the relaxation of a nonrelativistic axially symmetric double-Maxwellian distribution function
using cylindrical coordinates x = (r, θ, z) that relate to cartesian coordinates according to (x, y, z) = (r cos θ, r sin θ, z). For the computational domain we
The parameter σ = 1/ √ 20 is chosen so that the initial distribution f can be considered negligible at the boundary
For the velocity-space discretization, we choose quadratic P2-Lagrange elements, while time is discretized with the Crank-Nicolson method using steps of 10 −3 for τ . The resulting nonlinear system is solved with Newton iteration, using a numerical estimate for the system Jacobian matrix. Because we do not have an exact linearization of the Jacobian we only observe linear convergence in the Newton iteration, with a residual reduction rate of 0.16 for this specific problem. The P2-mesh is generated with the open-source GMSH 16 software with a total of 299 degrees-of-freedom, and the rest of the implementation is carried out within the PETSc 17,18 framework, using PETSc PLEX for the finite-element operations and PETCs SNES for the nonlinear solver. The axially symmetric weak formulation is detailed in the Appendix and the source code for the test problem, written in C, will be made available online through git.
The time evolution of the distribution function is illustrated in Fig. 1 , for six different time instances, while the evolution of momentum and energy are quantified in tables I and II for different nonlinear solver tolerances. The double-Maxwellian distribution relaxes towards an equilibrium state in a qualitatively correct manner and, if the tolerance for the nonlinear solve is set to machine precision, energy and momentum are conserved to machine precision. Otherwise the errors in energy and momentum accumulate through time with a rate that correlates with the nonlinear solver tolerance.
V. SUMMARY
We have presented an algorithm for conservative discretization of the nonlinear Landau collision integral. We have provided both algebraic and numerical proof for achieving exact numerical conservation laws using either discontinuous Galerkin or standard finite-element method. Our method is not constrained by details of the discretization, admitting the use of structurized as well as unstructurized meshes. We have also argued that in the relativistic case, a polynomial basis of any order is not able to guarantee exact conservation of energy while density and momentum would be conserved even with linear basis functions. Future study will investigate the embedding of our discrete Landau operator to the VlasovMaxwell system using either the concept of Lagranged'Alembert principle or extended Lagrangians
19 . Another future study will focus on performance demonstrations. Using cylindrical coordinates x = (r, θ, z), that relate to cartesian coordinates according to (x, y, z) = (r cos θ, r sin θ, z), and assuming axially symmetric vector space V , i.e., ∂f /∂θ = 0 and ∂φ/∂θ = 0, the weak formulation can be written
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where the friction and diffusion coefficients are
and the coefficients U αβ and U αβ are defined
The expressions ∇x α are the contravariant basis vectors for the curvilinear coordinate system.
For the nonrelativistic case, the angular integrals of ∇x α · U · ∇x β are easily computed. Defining a parameter s(r, z,r,z) = 2rr r 2 +r 2 + (z −z) 2 , (A.6) the exact expressions are
where the integrals I(s) are defined 
